Helices and constant procession curves are special examples of the slant curves. However, there is no an example of the k-slant curve (2 ≤ k) in Euclidean 3-space. Furthermore, the position vector of a k−slant curve (2 ≤ k) has not been known until this time.
Introduction
Curves are geometric set of points of loci in spaces. In the differential geometry studies, special curves such as geodesics, circles, circular helices, general helices, slant helices, C−slant curves, glad helices etc. have been studied for a long time in different spaces. We can see helical structures in nature, physics, kinematic motion, design of architectural building and the structure of the DNA which is double helix. A curve called as general helix (or constant slope curve) if its tangent vector field makes a constant angle with a fixed straight line. In 1802, Lancert ( [18] ) proposed a classical characterization of general helix and then this open problem was solved by Saint-Venant ( [21] ) with a condition that a curve is a general helix iff its the ratio of curvature to torsion is constant. In addition, if its curvature functions are non-zero constants then the curve is called as a circular helix. Furthermore, straight lines and circles are degenerate-helices.
Generalized of the genaral helix is a slant curve. A slant helix has been defined by the property that its principal normal vector field makes a constant angle with a fixed direction. They proved that α is a slant helix if and only if the geodesic curvature of spherical image of principal normal indicatrix of a space curve γ σ = κ 2 (κ 2 + τ 2 ) 3 2 τ κ ′ is a function ( [13] ). Kula and Yaylı denote some properties of the slant curve ( [15] ) and Camci et al. studied spherical slant curve in Euclidean 3−space ( [10] ). We can give a special slant helix as a Salkowski curve whose curvature function κ is constant ( [20] ). Recently, Ali ([1]) has defined a curve called k−slant helix and has given various characterizations. Moreover, Takahashi and Takeuchi ([25] ) has defined new special curves in Euclidean 3−space which are generalization of the notion of helical curves called clad helices (2−slant) and g-clad (3−slant) helices. Scofield ([23] ) have given a curve of constant precession by the property that the curve is traversed with unit speed, its centrode has a constant angle with a fixed axis and revolves constant speed. Then, Uzunoglu et.al( [26] ) gave a new approach of a curve of constant precession with alternative moving frame. Actually, definition of slant curve was given by Blum ( [5] ) in 1966 with the same words. Blum studied a curve whose curvatures are equal to κ(s) = w cos (as + b) and τ (s) = w sin (as + b) . However, Mannheim ([16] ) investigated a class of curves which curvature functions has following relation κ 2 +τ 2 = w 2 (w =constant) in 1878. Then, Blum called that curves of constant precession are Mannheim curves with a theorem. The definition of slant curves were firstly defined by Blum in Euclidean 3−space( [5] ) but was coined by Izumiya and Tkeuchi in 2004 ([13] ).
In the present paper, first of all, we give a method of constructing kslant curves via any a plane curve. This idea provide that spherical both k-slant curves and N k -constant procession curves can be derived from the circle, for k ∈ N. In addition, we give a new proof of the spherical curve characterization and define a curve in the sphere called spherical prime curve. The most important point is that spherical helices oscillate in the equator of the sphere.
Basic concepts and notions
In Euclidean 3−spaces, let γ be a unit-speed curve with coordinate neighborhood (I, γ) and {T, N, B, κ, τ } be Serret-Frenet apparatus of the curves. [22] ) . Centrode of the curve C is define as 24] ). If the curve is a spherical curve, then it is well known that γ(s) is perpendicular to T = γ ′ (s), for all s ∈ I. So we have an orthonormal frame {γ(s), T (s) = γ ′ (s), Y (s) = γ(s) × T (s)} along γ. This frame of the curve is called the Sabban frame along γ ( [12] ). Serret-Frenet formula of the spherical curve is given by 
Derivation of the Serret-Frenet vectors is given by
where κ g (s) = det (γ, T, T ′ ) is called geodesic curvature along the curve in 2-sphere ( [12] ).
In recent years, Ali has defined a unit vector as follow
). So it can be defined a regular curve γ k as 
). Serret-Frenet formula of the curves γ k is given by
is the geodesic curvature of spherical image of the principal normal of γ k+1 ([1], [19] ). Centrode of the curve γ k is defined by
for all s ∈ I. If there exist constant angle between ψ k+1 (s) and any constant vector (i.e. γ k is general helix), then it is said that γ is k-slant curve ( [1] ). The following equations are equal 1) γ is a k-slant curve. [19] ).
The construction of all spherical k-slant curve
In Euclidean 3−spaces, let M be a regular spherical curve with coordinate neighborhood (I, γ). So we can define a curve I(γ) : I → E 3 such that
Lemma 3.1. Under the above notation, the curve I(γ) is a spherical curve if and only if
Proof. Without loss of generality, we suppose that the center of the sphere is origin. If I(γ) is a regular spherical curves, then we have
and α(t) is perpendicular to γ(t), for all s ∈ I. So we obtain
From (3.4) and (3.5), we get
Using (3.4), we obtain
From (3.5), we have
Using (3.4), (3.7) and (3.8) we get
If we integrate (3.9), then
Using (3.6), we get 
and
where I 0 (γ) = γ.So we get
where θ 1 = (θ 0 , θ 1 ). From induction method, we have
where θ n−1 = (θ 0 , θ 1 , ..., θ n−1 ) and θ n = (θ 0 , θ 1 , ..., θ n ). If we define
then we have
where − θ n−1 = (−θ 0 , −θ 1 , ..., −θ n−1 ). So we can define
If we define a addition ana multiplication as
where n, m ∈ Z, then we can see that (Z(γ), +, .) is a ring. Proof. Let γ be a regular curve with coordinate neighborhood (I, γ). So we can see that
Thus, γ is tangent indicatrix of the curve I(γ) and we have
We can see that the geodesic circle γ(t) is the intersection of the plane ( x + y = 0 ) and the unit sphere S 2 (O, 1) where the center of the sphere is of origin. By integrating (3.11), we obtain
In this case, I(γ) lies on S 2 (O, 1) if and only if c 1 = c 2 = c 3 = 0 and cos(θ 0 ) = ε = ±1. So we have a curve I(γ) as
We can see that the geodesic circle I(γ) is the intersection of the plane ( x + y = 0 ) and the sphere S 2 (O, 1) and γ(t), I(γ)(t) = 0. So, there are four types of arc which belong to a geodesic circle, i) I(γ) = γ , ii) 
So we can see that this curve is spherical helix. Furthermore, since tangent indicatries of I(γ)(s, θ 0 ) are equal to γ = S 1 (a, r), all spherical helices are I(γ)(s, θ 0 ) in which axis of the helix is equal to − → u = (0, 0, 1). Blaschke determined that all spherical helices are equal to I(γ)(s, θ 0 ) in which axis of the helix is equal to − → u = (0, 0, 1)( [4] , [24] ) . Furthermore, Blaschke gave that projections of the spherical helices onto xOy plane are arcs of an epicycloids( [4] , [24] ) . In the second step, from (3.2), we get
Since tangent indicatries of I 2 (γ)(s, θ 1 ) are equal to I(γ)(s, θ 0 ), all spherical slant curve are I 2 (γ)(s, θ 1 ) in which axis of the slant curve is equal to − → u = (0, 0, 1). In the third step, let I 2 (γ) be a spherical curve where
Thus we have a curve C 2 (a, r) as follows
This curve is a spherical 2−slant curve. Since tangent indicatries of I 3 (γ) is equal to I 2 (γ), all spherical 2−slant curve is I 3 (γ) in which axis of the 2−slant curve is equal to − → u = (0, 0, 1). By the induction method, we have all 3−slant curves I 4 (γ), all 4−slant curves I 5 (γ), all 5−slant curves I 6 (γ),...,all k−slant curves I k+1 (γ),..., where axis of the i−slant curve is equal to − → u = (0, 0, 1), for all i ∈ N. So we have following corollary. 
We say that S S 1 ( − → a , r) is a set of spherical slant curve. So, the set of all spherical k-slant curve (S I ) is given by
The curve lies on the 2-sphere if and only if
). The solution of the equation (3.12) is given by
is the radius of a sphere ( [7] , [14] , [27] ). From equation (3.13), we have
Let M be a unit-speed regular curve with coordinate neighborhood (I, γ).
In this paper, we suppose 0 ∈ I without loss of generality. For all s ∈ I, the oscillating sphere of the curve is equal to the sphere in which the curve lies on sphere. Furthermore, the oscillating circle lies on this sphere. From equation (3.15), we get 1 κ 0 = cos α 0 = R 0 R . If R is equal to 1, then we have
So we can provide another proof of characterization of the spherical curve.
Proof. Let K be a regular spherical curve with coordinate neighborhood (I, β) and "s" be arc-length parameter of the curve and κ, τ be curvatures of the curves. So we can define a spherical curve as It is said that S(γ) is a spherical curve chain generated by γ. We can see that S(γ) = S(−γ). From equation (3.18), we have cos (0) = R 0 = 1 κ 0 = 1. This is contradiction. Conversely, we suppose that K is a prime spherical curve. If we define a curve M such that γ(s) = β ′ (s), then we have 
We said that this set is a slant curve chain taken by a planer curve γ. 
Thus we get (4.9)
If γ is a unit circle (r = 1), then we have w = 1 r = 1. From (4.9), we have (4.10)
Thus we get similar solutions in ( [5] , [23] ).
In third step, if 
where J n is said Bessel function and defined as
(−1) k Γ(n + 1) 2 2k k!Γ(n + k + 1)
x 2k+n or J n (x) = 1 π π 0 cos (nφ − x sin φ) dφ (n integer) ( [28] ). If φ(s) = bw 2 s and x = a b , then we get
From (4.11), we have
Since J 3 (γ)(s) ′′ (s) = (x ′′ (s), y ′′ (s), z ′′ (s)), then we have
z ′′ (s) = ǫaw cos bw 2 s sin bw 2 s cos a b cos bw 2 s .
Thus we get
x ′′ (s) = ǫ a 3 w 4 4 J 0 ( a b ) 1 1+bw cos (w(1 + 2bw)s) + 2 a 2 w 2 cos (ws)
cos ((2bw (k + 1) + 1) ws) + cos ((2bw (k − 1) − 1) ws)
sin ((2bw (k + 1) + 1) ws) + sin ((2bw (k − 1) − 1) ws)
cos bw 2 s .
If we integrate blow equation, we have
1 (2bw(k+1)+1) 2 cos ((2bw (k + 1) + 1) ws) + 1 (2bw(k−1)−1) 2 cos ((2bw (k − 1) − 1) ws)
1 (2bw(k−1)+1) 2 cos ((2bw (k − 1) + 1) ws) + 1 (2bw(k+1)−1) 2 cos ((2bw (k + 1) − 1) ws)
where (x ′ (s)) 2 + (y ′ (s)) 2 + (z ′ (s)) 2 = 1. Because of equation (4.11) and (4.12), we have
When we integrate above equations, we have a curve J 3 (γ)(s) = (x(s), y(s), z(s)) where .., J −2 (γ), J −1 (γ), γ, J(γ), J 2 (γ), ... . We said that this set is constant precession curve chain. So, the set of all the N k -constant procession curve (Z N ) is given by
Furhermore, the set of all k-slant curve in Euclidean 3−spaces is given by
k-slant curve and magnetic curve
Let M be 2n + 1−smooth manifold. If there exists (φ, ξ, η, g) structure such that, for all X, Y ∈ χ(M ), φ 2 (X) = −X + η(X)ξ, g(φX, φY ) = g(X, Y ) − η(X)η(Y ), η(X) = g(X, ξ), η(ξ) = 1, φ(ξ) = 0, ηoφ = 0 then it is said that (M, φ, ξ, η, g) is almost contact metric manifold where φ, ξ, η are (1, 0), (1, 0), (0, 1) (resp.) type tensor and g is a metric ( [3] ). In almost contact metric manifold, it is said that Φ is fundamental form of almost contact metric manifold where Φ(X, Y ) = g(φX, Y ) ( [3] ). Let (M, φ, ξ, η, g) be 3−dimensional almost contact metric manifold. Extended of the cross product are defined by
for all X, Y ∈ χ(M ) ( [9] ). So we have
In 3-Euclidean spaces, if we define a set
If we define φ = J •π, η = dz, ξ = ∂ ∂z , then R 3 , φ, ξ, η, g is almost contact metric manifold where g is standart Euclid metric ( [9] ). In this case, X ∧ Y = X × Y where × is the known as cross product ( [9] ). Let then (γ) is the magnetic curve of (M, g, Φ) where ∇ is Levi-Civita connection of g ( [2] ). In this case, M 3 , φ, ξ, η, g is almost contact metric manifold and Φ is the fundamental form of this manifold. From Landau- 
where N is a normal vector field along the curve. If then it is said that (γ) is the Z−magnetic curve of (M, g, Φ). From Generalized Landau-Hall equation, we have following theorem.
Theorem 5.1. (γ) is the Z−magnetic curve of (M, g, Φ) if and only if 
then it is said that (γ) is the N k -magnetic curve. Lorentz force in the Serret-Frenet frame of M k is given by 
and Serret-Frenet formula of the curves is given by 
Thus, (γ) is N k -magnetic curve of the magnetic field ξ if and only if
If we derive ξ along the curve, then we obtain
If ξ is constant vector field along the curve, we have ( − → a , r) ) and M = J k+2 (S 1 ( − → a , r) ). Furthermore, Ramiz (at al.) defined N k -constant procession curve in 3−Euclidean spaces ( [19] ). In this spaces, Darboux vector of M k is defined as
where Ω k+1 = const ( [19] ). Then, M is said N k -constant procession curve in Euclidean 3−spaces if there is constant angle between W k and fixed direction A k ( [19] ). From Theorem 4 in( [19] ), following equations are equivalent. i) M is the N k -constant procession curve. ii) κ k = R cos (Ω k+1 s + c 0 ), τ k = R sin (Ω k+1 s + c 0 ).
where Ω k+1 and c 0 are constant. So we give following theorem 
